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Abstract
Complex Golay sequences were introduced in 1992 to generalize constructions for Hadamard
matrices using Golay sequences. (In the last section of this paper we describe some independent
earlier work on quadriphase pairs–equivalent objects used in the setting of signal processing.)
Since then we have constructed some new in7nite classes of these sequences and learned some
facts about their structure. In particular, if the length of complex Golay sequences is divisible
by a prime p ≡ 3mod 4, then their Hall polynomials have a nontrivial factorization h(x)k(x),
cxdh(x)k∗(x) as polynomials over GF(p2), where c= a + bi, a2 + b2 ≡ −1modp and k∗ is
obtained from k by a natural involution acting on complex Laurent polynomials. We explain
how these facts can be used to simplify the search for complex Golay sequences, and show how
to construct a large variety of sets of four complex sequences with zero autocorrelation, suitable
for the construction of various matrices such as Hadamard matrices, complex Hadamard matrices
and signed group Hadamard matrices over the dihedral signed group. c© 2002 Elsevier Science
B.V. All rights reserved.
MSC: primary 05B20; secondary 15A33; 94B50
Keywords: Complex Golay sequences; Hadamard matrices; Zero autocorrelation; Multiphase
complementary pairs
1. Preliminaries
A sequence of n complex numbers, a=(a1; : : : ; an) is said to have length n. We shall
assume, unless otherwise indicated, that all sequences are (0;±1;±i)-sequences (i.e.,
they have entries from the set {0;±1;±i}). To each sequence a we associate its Hall
polynomial, fa(x)=
∑n
i=1 aix
i. We de7ne an involution on the set of complex (Laurent)
polynomials by f∗(x)=f(x−1), where f is the polynomial obtained by replacing
each of the coeCcients of f with its complex conjugate. The autocorrelation of a
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sequence a is the sequence of positive degree coeCcients of the polynomial faf∗a (x).
The autocorrelation of a list of sequences is the sum of the autocorrelations of the
sequences in the list. Note that we can arbitrarily increase the length of sequences
without changing their autocorrelation, by appending suCciently many zeros.
k sequences a; b; : : : ; z are complementary if they have zero autocorrelation. Their
weight is the constant term (i.e., the only nonzero term) of the polynomial faf∗a +
fbf∗b + · · · + fzf∗z . Two or more sequences are disjoint if no more than one of
them is nonzero in any position. Displaying sequences, we use the conventions that
− represents −1, j represents −i, commas indicate concatenation of sequences, and
commas within a sequence may be omitted when the intent is clear. Vector addition
and scalar multiplication are applied to sequences as to n-tuples.
For example, the sequences
a=(10i0100);
b=(01000− 0);
c=(0001000);
d=(000000j)
are four disjoint, complementary (0;±1;±i)-sequences of length 7 with weight 7, for
(faf∗a + fbf
∗
b + fcf
∗
c + fdf
∗
d)(x)
= (x + ix3 + x5)(x−1 − ix−3 + x−5) + (x2 − x6)(x−2 − x−6) + x4x−4
+ (−i)x7(i)x−7
= (3 + x4 + x−4) + (2− x4 − x−4) + 1 + 1
=7:
We use a∗ to denote the sequence whose elements are those of a, conjugated and
in reverse order (note: f∗a (x)= x
−1−nfa∗(x)—not fa∗(x)!). If A=(a1; : : : ; am) and B
is a sequence of length n, we write A ⊗ B for the sequence (a1B; : : : ; amB) of length
mn.
To each sequence, a=(a1; : : : ; an), we associate the n × n circulant matrix A with
7rst row (a1; : : : ; an) (denoted A=circ(a1; : : : ; an)). We can also write A= x−1fa(X ),
where X =circ(0; 1; 0; : : : ; 0), and note that A∗= xf∗a (X ), where A
∗ is the Hermitian
adjoint of A. So if A=circ(a), B=circ(b), etc., and a; b; : : : have zero autocorrelation
with weight w, then AA∗+BB∗+ · · ·=wI . Circulant matrices naturally commute with
each other, since they are polynomials in X .
2. (Real) Golay sequences
Two complementary (±1)-sequences, a; b, of length g are called Golay sequences,
and g is a Golay number. If A=circ(a) and B=circ(b), it may be veri7ed directly
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that the matrix,(
A −B
Bt At
)
;
is a Hadamard matrix of order 2g.
There are Golay sequences of lengths 1,2,10 and 26, as follows:
g=1 : a=(1); b=(1);
g=2 : a=(11); b=(1−);
g=10 : a=(11− 1− 1− −11); b=(11− 11111− −);
g=26 : a=(1111− 11− −1− 1− 1− −1− 111− −111);
b=(1111− 11− −1− 11111− 1− − − 11− −−):
(1)
The following result is well-known [10,13].
Lemma 1. If a; b are Golay sequences of length g1 and c; d are Golay sequences of
length g2; then
h= 12 [(a+ b)⊗ c + (a− b)⊗ d∗]
and
k = 12 [(a+ b)⊗ d− (a− b)⊗ c∗]
are Golay sequences of length g1g2.
It follows that there are Golay sequences of all lengths g=2a10b26c, a; b; c¿ 0.
Powerful as these facts may appear, they have only a minor direct impact on the
known orders of Hadamard matrices. For, in spite of much eMort by some rather good
mathematicians and programmers, no new Golay numbers have been found to add to
this classical set of values. All lengths up to 100, except 68, 74 and 82, and any
length divisible by a prime congruent to 3mod 4, have been eliminated [7]. It now
seems unlikely that any new ones will be found. For any t there are only 7nitely many
known Golay numbers not divisible by 2t, so for 7xed t only 7nitely many Hadamard
matrices of orders 2t+1p, odd p, can be constructed from them as mentioned above.
Henceforth, we shall use R to denote some 7xed back-circulant permutation matrix of
appropriate size. Observe that, if A is circulant, then AR is back-circulant and therefore
symmetric. It follows that ARt =RAt .
We may use circulant matrices A; B; C; D, corresponding to four complementary
(±1)-sequences of length n, in the Goethals–Seidel array,

A −BR −CR −DR
BR A −DtR C tR
CR DtR A −BtR
DR −C tR BtR A

 ; (2)
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to obtain a Hadamard matrix of order 4n. There are many constructions for such
sequences [10]; here we mention one that uses Golay sequences.
Lemma 2. If u; v are Golay sequences of length g1 and x; y are Golay sequences of
length g2; then a=(u; x); b=(u;−x); c=(v; y) and d=(v;−y) are four complemen-
tary sequences of length g1 + g2.
This has the following immediate consequence.
Theorem 3. There is a Hadamard matrix of order 4(g1 + g2) (constructed from the
Goethals–Seidel array); where g1 and g2 are any Golay numbers.
It should be immediately clear that this result produces a great many more Hadamard
matrices than the construction given at the beginning of this section. Yet there is
thus produced, for each t¿ 2, only a very sparse, albeit in7nite, class of Hadamard
matrices of orders 2tq, odd q. Complex Golay sequences were introduced to improve
this situation.
3. Complex Golay sequences
We say that complementary (±1;±i)-sequences a; b of length g are complex Golay
sequences, and g is a complex Golay number. Every pair of (real) Golay sequences is
obviously also a pair of complex Golay sequences. In addition, we have constructed
many others, including the following examples:
g=3 : a=(11−); b=(1i1);
g=5 : a=(ii1− 1); b=(i11i−);
g=11 : a=(1i − 1− ij − ii1); b=(11jjj11i − 1−);
g=13 : a=(111i − 11j1− 1ji); b=(1i − − − i − 11j − 1j):
(3)
Evidently, some of the theoretical restrictions associated with Golay sequences do not
apply to complex Golay sequences, for these lengths are all odd, and 3; 11 ≡ 3mod 4.
In [2] it was shown that the product of a Golay number and a complex Golay number
is a complex Golay number, and that twice the product of complex Golay numbers is
a complex Golay number. We improve the both results by replacing “twice”, in the
latter result, with “any even Golay number times”.
For this, we require the following lemma.
Lemma 4. If g is an even Golay number; then there are complementary (0;±1)-
sequences; U; V; of length g and weight g=2; such that U; V; U ∗ and V ∗ are all disjoint.
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Proof. Let X =(x1; : : : ; xg), Y =(y1; : : : ; yg) be Golay sequences of length g. We begin
by demonstrating the well-known result that, for 16 j6 g,
xjyjxg+1−jyg+1−j =− 1; (4)
by induction as follows.
First, we point out the obvious fact that, for numbers aj ∈{1;−1},
N∑
j=1
aj =0 implies that
N∏
j=1
aj =(−1)N=2: (5)
Assume that (4) holds for all j¡ i, where i6 g=2. The coeCcient of xg−i in (fXf∗X +
fYf∗Y )(x) is
∑i
j=1 xjxj+g−i + yjyj+g−i =0. So, by (5),
i∏
j=1
xjyjxj+g−iyj+g−i =
i∏
j=1
xjyjxg+1−jyg+1−j =(−1)i−1xiyixg+1−iyg+1−i =(−1)i ;
which demonstrates (4) by induction.
It follows (from (4)) that
U =
X + X ∗ + Y − Y ∗
4
; V =
X − X ∗ + Y + Y ∗
4
;
U ∗; V ∗ are disjoint (0;±1;±i)-sequences. It may be veri7ed directly that U; V are
complementary with weight g=2.
Theorem 5. If g1 and g2 are complex Golay numbers and g is an even Golay number;
then gg1g2 is a complex Golay number.
Proof. Let A; B be complex Golay sequences of length g1, let C;D be complex
Golay sequences of length g2, and let U; V be the sequences of length g obtained in
Lemma 4. Then S =A⊗U +B⊗V , T =A⊗V ∗−B⊗U ∗ are disjoint complementary
sequences of length gg1, with weight gg1. The desired sequences are C ⊗ S +D∗ ⊗ T ,
C∗ ⊗ T − D ⊗ S.
Analogous to real Golay sequences, if a; b are complex Golay sequences of length
g, A=circ(a) and B=circ(b), then(
A −B
B∗ A∗
)
is a complex Hadamard matrix of order 2g.
Corollary 6. Let g=2a+u3b5c11d13e; where a; b; c; d; e; u¿ 0; b+c+d+e6 a+2u+1;
u6 c+e. There exist complex Golay sequences of length g; and a complex Hadamard
matrix of order 2g.
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For example, 90 is a complex Golay number for, in Corollary 6, we may take
a=d= e=0, b=2, and c= u=1. Also implied is a complex Hadamard matrix of
order 180 (not new).
4. Equivalence of complex Golay sequences
A number of simple invertible transformations preserve complex Golay sequences.
Two pairs of sequences thus related are called equivalent. Here follows a minimal set
of these equivalence operations, applied to complex Golay sequences X =(x1; : : : ; xg),
Y =(y1; : : : ; yg). That they preserve zero autocorrelation may be easily veri7ed from
the de7nition using fX and fY .
E1: reverse both sequences;
E2: replace X with X ∗;
E3: interchange X and Y (treating them as an ordered pair);
E4: replace X with iX ;
E5: replace xk with ikxk and replace yk with ikyk , k =1; : : : ; g.
Other transformations can be obtained from these, such as negating every second
element of both sequences (done by performing E5 twice), taking the complex conju-
gate of all entries of both sequences (done by E2, E3, E2, E3, E1, in that order) or
replacing Y with −Y ∗ (done by E3, E2, E4, E4, E3, in that order).
An equivalence class of complex Golay sequences can contain no more than 1024
distinct pairs. This is commonly attained, but classes of 512 pairs are more typical;
smaller ones are possible.
A useful device that follows immediately from these operations is that all sequences
may be put into one of two standard forms.
Lemma 7. Any pair of complex Golay sequences of odd length is equivalent to a pair
having one of the forms
F1 : X =(1 · · · 1); Y =(1 · · · −); or
F2 : X =(1 · · · i); Y =(1 · · · j);
but not to a pair of the other form. Any pair of complex sequences of even length
is equivalent both to a pair of form F1 and to a pair of form F2.
Further, one can simultaneously assume the 7rst two elements of both sequences are 1
when the length of the sequence is odd. The 7rst two elements of both can be made 1
for even length sequences, but not necessarily while preserving form F1.
The following conjecture is supported by the existing data (only four cases are
known); we can 7nd no theoretical reason for it—only a sense, supported by the
results in the next section, that there is a fundamental distinction between the two
classes of prime lengths.
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Conjecture 1. A complex Golay pair of odd prime length p has type F1 if p ≡ 3mod 4,
and type F2 otherwise.
Here follows a brief summary of the results of our search for complex Golay se-
quences to date. By doubling, we refer to obtaining a pair of length 2g1 from sequences
of half the length, g1, by Theorem 5, with g=2 and g2 = 1 (i.e., pairs so obtained
have the form (X; Y ); (X;−Y )). In a sense, pairs obtained by doubling carry no “new”
information.
4.1. Length 1
There is only one class of length 1, consisting of 16 distinct pairs, all equivalent to
the real pair (1); (1).
4.2. Length 2
There is one class of length 2, consisting of 64 distinct pairs, all equivalent to the
real pair (11); (1−), which can be obtained by doubling.
4.3. length 3
There is one class of length 3, consisting of 128 pairs.
4.4. Length 4
There are two classes of length 4, totalling 512 pairs. Both classes are obtained by
doubling, but only one contains a real pair. Observe that, since there is only one class
of length 2 to double, this demonstrates that pairs obtained by doubling equivalent
pairs, or more generally by multiplying equivalent pairs using Theorem 5, need not be
equivalent.
4.5. Length 5
There is one class of length 5, consisting of 512 pairs.
4.6. Length 6
There are three classes of length 6, totalling 2048 pairs, one class obtained by
doubling.
4.7. Length 7
There are no complex Golay sequences of length 7.
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4.8. Length 8
There are 17 classes, totalling 6656 pairs. Five classes contain real pairs; 10 are
obtained by doubling.
4.9. Length 9
There are no complex Golay sequences of length 9. Observe that this rules out the
possibility of a product improving Theorem 5 to say that, if g1 and g2 are Golay
numbers, then so is g1g2.
4.10. Length 10
There are 20 classes, totalling 12 288 pairs. Two classes contain real pairs; four are
obtained by doubling.
4.11. Length 11
There is one class consisting of 512 sequences.
4.12. Length 12
There are 52 classes, totalling 36 864 pairs. Twenty classes are obtained by doubling.
4.13. Length 13
There is one class, consisting of 512 pairs.
4.14. Length 14
There are no complex Golay sequences of length 14.
4.15. Length 15
There are no complex Golay sequences of length 15. This eliminates the possibility
of a product g1g2 when g1 and g2 are relatively prime complex Golay numbers—which
may have seemed a possibility, given the connection to circulant matrices of orders g1
and g2.
4.16. Length 16
There are 204 classes, totalling 106 496 pairs. Thirty-six classes contain real pairs,
and 92 are obtained by doubling.
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4.17. Length 17
There are no complex Golay sequences of length 17.
4.18. Length 18
There are 24 classes, totalling 24 576 pairs. Although none can be obtained by dou-
bling, eight classes can be obtained from the pair of length 3 by Theorem 5.
4.19. Length 19
There are no complex Golay sequences of length 19.
4.20. Length 20
There are a great many of classes of length 20, some containing real pairs and some
not; some, but not all, obtained by doubling. We have not done a complete search in
this length.
4.21. Length 21
There are no complex Golay sequences of length 21.
4.22. Length 22
There are many pairs of length 22, obtained by doubling; having not done a complete
search in this length, we are unable to enumerate either the pairs or the classes at this
time.
4.23. Length 23
Our search is not yet complete, but we have thus far found no complex Golay
sequences of length 23, and suspect they do not exist.
Observations. It is quite obvious that the number of classes and the total number of
pairs will be more in lengths gg1g2, in general, than in lengths g; g1 and g2. The number
of classes is therefore monotone with respect to the lattice of numbers obtained by this
product (but clearly not monotone with respect to numerical length of sequences!).
We have found no odd lengths (or prime lengths) in which more than one class
exists. The only known odd Golay numbers, other than 1, are prime. Thus far, in all
composite lengths (which are, so far, simply the even lengths greater than 2), there
are at least two classes.
Initial evidence suggests that complex Golay numbers grow sparse after the 7rst few
cases (but not as slowly as with real Golay numbers). Is it possible that all lengths
82 R. Craigen et al. / Discrete Mathematics 252 (2002) 73–89
can be inferred from cases now known—as has long been suspected to be the case for
(real) Golay sequences?
Although it is possible for a complex Golay number to have divisors which are not
complex Golay numbers, their prime divisors appear to always be Golay numbers.
From these observations we have distilled the following conjectures.
Conjecture 2. There is at most one class of complex Golay sequences of any given
prime length.
Conjecture 3. If g¿ 2 is an even complex Golay number, then there are at least two
distinct classes of pairs of length g.
Conjecture 4. Every prime divisor of a complex Golay number is a complex Golay
number.
5. The algebraic structure of complex Golay sequences
In [7,8], Eliahou et al. demonstrated that (real) Golay numbers have no factors
p ≡ 3mod 4. Complex Golay sequences need not satisfy this constraint, as we have
seen, but they do have a related algebraic structure, which we now examine.
Let p ≡ 3mod 4 be a prime number. There is a fourth root of unity, i, in GF(p2) and
an involution, + → +, of GF(p2) that maps i → −i and 7xes GF(p). This extends to
an involution, f∗(x)=f(1=x) (which we call conjugation), of GF(p2) (x) (the Laurent
polynomial ring over GF(p2)).
Theorem 8. Suppose X; Y are Golay sequences of length g and p ≡ 3mod 4 is a
prime such that p|g. Let s(x)= x−1fX (x); t(x)= x−1fY (x); considered as polynomials
in GF(p2) (x). Then there exist nonconstant polynomials h(x); k(x)∈GF(p2) [x]; and
a constant c∈GF(p2) such that cc= − 1; s(x)= h(x)k(x) and t(x)= cxdh(x)k∗(x);
where d is the degree of k.
Proof. Let h=GCD(s; t) in GF(p2) [x], and write s= hk, t= hl. Now since X; Y are
complex Golay sequences, we must have (over GF(p2) (x))
ss∗ + tt∗= hh∗(kk∗ + ll∗)= 0:
It follows that
kk∗ + ll∗=0:
Now k and l have the same degree, d, and
xd(k(x)k∗(x) + l(x)l∗(x))= 0= k(x)(xdk∗(x)) + l(x)(xdl∗(x)):
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Since k and l are relatively prime, l(x)= cxdk∗(x), for some c∈GF(p2). Conjugating
and rearranging this equation, we also obtain cck(x)= cxdl∗(x). Thus,
cxd(k(x)k∗(x) + l(x)l∗(x))= k(x)l(x)(cc + 1)=0:
So cc=− 1 and t(x)= cxdh(x)k∗(x).
k is not constant, else s is a constant multiple of t, which clearly cannot be the
case if X; Y are complex Golay sequences. Similarly, h is not constant. The result
follows.
Note that any c∈GF(p2) satisfying cc=− 1 must be of the form c= a+ ib, where
a2+b2 =−1, a; b∈GF(p). The proof of Eliahou, Kervaire and SaMari’s result proceeds
similarly except that the factorization is performed over GF(p) instead of GF(p2), in
which case c2 = − 1—impossible for p ≡ 3mod 4; so nonexistence is established for
the real case.
Because of Theorem 8, it is unnecessary to do a complete search for pairs of se-
quences when looking for complex Golay sequences of lengths divisible by a prime
p ≡ 3mod 4; it is possible to examine single polynomials s for appropriate factoriza-
tions. If such a factorization is found, a polynomial, t, such that ss∗ + tt∗ ≡ 0modp,
is uniquely determined. If none is found, s cannot correspond to one of the sequences
of a complex pair.
Now suppose p= g in the theorem. All coeCcients of fXf∗X +fYf
∗
Y are even (i.e.,
both real and imaginary parts must be even) and, except for the constant term, have
norm less than 2p. Therefore, the equation ss∗ + tt∗=0 can be lifted to fXf∗X +
fYf∗Y =2p. So in this case, Theorem 8 characterizes complex Golay sequences, and
we have the following converse.
Theorem 9. Let p ≡ 3mod 4. If s(x)= h(x)k(x) and t(x)= ch(x)xdk∗(x) are polyno-
mials of degree p−1 in GF(p2)[x]; with coe<cients (±1;±i); where c∈GF(p2) such
that cc=− 1 and d is the degree of k; then xs(x)=fX (x); xt(x)=fY (x); where X; Y
are complex Golay sequences of length p.
For example, the complex Golay sequences, (1i1); (11−), of length 3 correspond to
polynomials s(x)= x2 + ix+ 1, t(x)= x2 + x− 1 in GF(3)(x), which can be factorized
as follows:
s(x)= (x − (1 + i))(x + (1− i));
t(x)= (x − (1 + i))(x + (i − 1))= (−1 + i)(x − (1 + i))x(x + (1 + 2i))∗
So we have c=−1−2i (observe that c Tc=12+22 =5 ≡ −1mod 3), h(x)= x−(1+i)
and k(x)= x + (1 + 2i).
Similarly the reader may verify that c= i − 1, h= x3 + x2 + (i − 1)x + (1 − i),
k = x2 − (1 + i) gives polynomials s; t over GF(3)(x) corresponding to complex Golay
sequences of length 6, while c=4−4i, h(x)= x5−5(1+ i)x4+(5−3i)x3+(1+3i)x2−
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4x+4(1+ i), and k(x)= x5 + (5+6i)x4 + 3ix3 + 8(1+ i)x2 + 7x+4i+7 give complex
Golay sequences of length 11.
Theorem 9 does not address the existence of Golay or complex Golay sequences of
nonprime length when a candidate pair of polynomials s; t is found, but the necessary
condition given by Theorem 8 enables us to consider only such pairs, which amounts
to a dramatic reduction in the size of the search space for complex Golay sequences
of length divisible by a prime congruent to 3mod 4.
Observe that we may always assume that s; t; h; k are monic, in which case the
constant term of k must be −c.
6. Obtaining sets of four complementary sequences
Four complementary (±1;±i)-sequences of lengths m;m; n; n are called complex base
sequences. Golay sequences can be used to obtain base sequences: pairs of lengths m
and n imply base sequences of lengths m;m; n; n. These, in turn, imply complementary
sequences of uniform length, m+ n.
Theorem 10. If u; v; x; y are base sequences of lengths m;m; n; n; then a=(u; x); b=
(u;−x); c=(v; y) and d=(v;−y) are four complementary sequences of length m+n.
In particular, if g1 and g2 are complex Golay numbers, then there are complex
base sequences of lengths g1; g1; g2; g2, and so four complementary sequences of length
g1 + g2. For sequences X =(x1; : : : ; xh+1), Y =(y1; : : : ; yh), we write X=Y =(x1; y1; x2;
y2; : : : ; yh; xh+1). Here is a slight improvement on a result of [5], using the same basic
idea as Yang multiplication [10,14].
Theorem 11. Suppose there are two sets of complex base sequences; P; Q; R; S of
lengths m;m; n; n; and T; U; V;W of lengths s; s; t; t. Then:
1. there are four complementary sequences of length 4(m+ n)(s+ t);
2. if t= s+1; then there are four complementary sequences of length 2(m+n)(2s+1);
3. if t= s+1 and n=m+1; then there are four complementary sequences of length
(2m+ 1)(2s+ 1).
Proof. The four sequences A=(P; 0n; 0n; Q), B=(P; 0n; 0n;−Q), C =(0m; R; S; 0m) and
D=(0m; R;−S; 0m), of length 2(m + n), have zero autocorrelation, as do the four se-
quences E; F; G; H of length 2(s+ t) obtained by similarly arranging T; U; V;W .
In the second case we use A; B; C; D as above and construct sequences E=(T=0s),
F =(0s+1=V ), G=(U=0s) and H =(0s+1=W ), of length 2s + 1. In the third case we
also obtain sequences A; B; C; D of length 2m+ 1 in this way.
In each case, the required sequences are
E ⊗ A+ F∗ ⊗ B+ G∗ ⊗ C + H∗ ⊗ D
−E∗ ⊗ B+ F ⊗ A+ G∗ ⊗ D∗ − H∗ ⊗ C∗
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−E∗ ⊗ C − F∗ ⊗ D∗ + G ⊗ A+ H∗ ⊗ B∗
−E∗ ⊗ D + F∗ ⊗ C∗ − G∗ ⊗ B∗ + H ⊗ A:
Verifying this claim is straightforward.
Now, there are complex base sequences of lengths m;m; n; n whenever both m and
n are complex Golay numbers. As mentioned in [5], this means that, for any number
p¡ 959:
1. p=m+n where m; n are complex Golay numbers, except for p=87; 127; 175; 199;
207; 215; 249; 279; 281; 283; 285; 295; 307; 309; 319; 327; 329; 337; 345; 347; 359; 367;
369; 375; 377; 379; 381; 383; 415; 423; 425; 431; 439; 447; 449; 455; 457; 459; 461; 463;
465; 467; 475; 499; 507; 509; 519; 527; 535; 537; 547; 549; 557; 559; 565; 567; 569; 571;
591; 593; 595; 597; 599; 607; 609; 615; 617; 619; 621; 623; 631; 633; 639; 647; 657; 667;
669; 675; 683; 685; 691; 693; 695; 697; 699; 701; 703; 711; 713; 719; 727; 729; 735; 737;
739; 741; 743; 745; 747; 749; 751; 753; 755; 757; 759; 761; 763; 765; 767; 775; 777; 787;
789; 799; 807; 809; 815; 817; 819; 821; 823; 825; 827; 829; 831; 839; 841; 847; 849; 851;
853; 855; 857; 873; 879; 887; 889; 895; 897; 899; 907; 909; 915; 917; 919; 921; 923; 925;
927; 929; 931; 933; 935; 943; 945; 951; 953; 955; 957;
2. 2p=m+ n where m; n are complex Golay numbers, except for p=799; 927;
3. 4p=m+ n where m; n are complex Golay numbers.
There are at least two ways to obtain complex base sequences of lengths g; g; g +
1; g + 1, where g is a complex Golay number. One way is to use X; X; (Y; 1); (Y;−1),
where X; Y are complex Golay sequences of length g; another is to use both pairs of
sequences when both g and g+ 1 are complex Golay numbers.
We may also use s=7; 9; 14; 15; 17; 19; 21; 23; 25; 27; 28; 29; 31 for g above, even
though these are not complex Golay numbers, since then real base sequences of lengths
s; s; s+ 1; s+ 1 are known.
The base sequences above may be used in Theorem 11 to obtain sets of four comple-
mentary complex sequences vastly more dense than those obtained for real sequences
in Section 2. We now examine how these can be used to construct Hadamard matrices.
7. Hadamard matrices from complex sequences
Theorem 12. If A; B are (0;±1)-matrices and A+Bi is a complex Hadamard matrix
of order n; then
A⊗
(
1 1
1 −
)
+ B⊗
(− 1
1 1
)
is a Hadamard matrix of order 2n.
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It was this fact that motivated Turyn [12] to study complex Hadamard matrices. It
follows that complex Golay sequences imply the existence of (real) Hadamard matri-
ces. Let us consider this connection in more detail, in the context of complex Golay
sequences.
Corollary 13. If g is a complex Golay number; then there exists a Hadamard matrix
of order 4g. In particular; this holds for g=2a+u3b5c11d13e; where a; b; c; d; e; u¿ 0;
b+ c + d+ e6 a+ 2u+ 1; u6 c + e.
The next obvious thing is to try using the sets of four complementary sequences
obtained from complex Golay sequences obtained in the Section 6 as was done with
real sequences obtained in Lemma 2.
However, one cannot rely on strict analogy with the real case in order to apply the
method of Theorem 3 to the complex case, for a complex circulant matrix A does not
necessarily satisfy AR∗=RA∗; because of this, complementary sequences used directly
in (a complex version of) the Goethals–Seidel array do not necessarily give a complex
Hadamard matrix.
To resolve this diCculty, we require only a very simple application of signed groups
(see [3] for more about signed groups). There is a well-known representation of C, as
2× 2 real matrices, determined by
1→
(
1 0
0 1
)
; i →
(
0 −
1 0
)
: (6)
Now we embed C into the larger ring R=C[s] 1 , where s is a symbol such that s2 = 1,
is=− is. The signed group, S, of all 2× 2 signed permutation matrices 2 is identi7ed
with the subgroup {±1;±i;±s;±is} by the (unique) ring isomorphism extending map
(6) and
s→
(
1 0
0 −
)
: (7)
Complex conjugation extends to an involution in R such that s= s, and corresponds to
transposition of 2× 2 matrices. We say that an n× n matrix H with entries in S is a
signed group Hadamard matrix SH (n; S) if HH∗= nI , where ∗ is the extension of the
Hermitian adjoint obtained by replacing complex conjugation with the involution in R.
Signed group Hadamard matrices generalize complex Hadamard matrices. Even though
R is a nontrivial extension of C, there is no “penalty” (i.e., higher power of 2 in the
order of the resulting matrix) associated with converting these signed group Hadamard
matrices into Hadamard matrices, beyond that already present in Theorem 12.
1 The signed group ring of the dihedral signed group.
2 This is the dihedral group, which is a signed group since it has a central involution, -I.
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Theorem 14. If A; B; C and D are (0;±1)-matrices and A+Bs+Ci+Dis= SH (n; S);
then
A⊗
(
1 1
1 −
)
+ B⊗
(
1 1
− 1
)
+ C ⊗
(− 1
1 1
)
+ D ⊗
(
1 −
1 1
)
is a Hadamard matrix of order 2n.
Now if + is a complex number, then +s= s+. It follows that, if A is any complex
circulant matrix, A(Rs)∗=(Rs)A∗. Therefore we may modify the Goethals–Seidel array
as follows so that it can be used with complex sequences.
Theorem 15. If a; b; c and d are complementary (±1;±i)-sequences of length n; then

A −BRs −CRs −DRs
BRs A −D∗Rs C∗Rs
CRs D∗Rs A −B∗Rs
DRs −C∗Rs B∗Rs A

= SH (4n; S); (8)
where A=circ(a); B=circ(b); C =circ(c); D=circ(d). Consequently; there is a
Hadamard matrix of order 8n.
Theorems 10 and 15 imply a large new class of Hadamard matrices.
Corollary 16. There are signed group Hadamard matrices SH (4n; S); and therefore
Hadamard matrices of order 8n; for any n=2a1+u13b15c111d113e1+2a2+u23b25c211d213e2 ;
where ai; bi; ci; di; ei; ui¿ 0; bi + ci + di + ei6 ai + 2ui + 1; ui6 ci + ei, i=1; 2.
Many more Hadamard matrices can be obtained using various sets of four comple-
mentary sequences obtained in Section 6.
8. Quadriphase and multiphase pairs
This article was begun in 1994 but stayed on the shelf for a number of years, uncom-
pleted. Complex Golay pairs were introduced in 1992 in the context of constructions
for Hadamard matrices. Recently we have become aware of work on these and sim-
ilar objects in the engineering literature, dating back at least to the 1970s (see, for
example, [1,9,11]), under the name multiphase complementary pairs, a term referring
to pairs of sequences with zero autocorrelation, whose entries are complex numbers of
unit norm. The term “multiphase” indicates phase separation of waves carrying signals
of various sorts. Applications are found in optics, communications and range-7nding
devices, contexts closely akin to those in which Golay sequences are applied.
The speci7c pairs we call complex Golay sequences are referred to as quadriphase
pairs; these, together with hexaphase pairs, whose entries were sixth roots of unity,
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are probably the most interesting cases. Remarkably, in some applications it is seen as
desirable to have the entries of sequences scattered around the unit circle—in contrast
to the context of Hadamard matrices, in which the introduction of such sequences might
be treated as a judicious compromise in quality for the sake of quantity.
In the interest of expediting this overdue work we shall not labor to extend our
results to these cases, although it will surely be clear to the reader that it is possible
to do so. We shall take this opportunity, however, to acknowledge the priority of the
work of others, including at least Frank, Golomb, Sivaswamy and Turyn. By 1980,
they had done comprehensive machine searches for what we will continue to call
complex Golay sequences, obtaining some (but perhaps not all) sequences in lengths
1,2,3,4,5,6,8,10,12 and 13, and eliminating lengths 14 and 17. They discovered the case
g=2 of the product given in Theorem 5.
Even so, our work of the last several years on this subject has not simply duplicated
this earlier work. We have classi7ed all pairs up to length 19, and we believe we
have eliminated the possibility of pairs of length 21 with a computer search. Remark-
ably, Turyn appears to have been mistaken in thinking that he had eliminated pairs of
length 11 with an exhaustive search—we have found 512 such pairs (albeit all of the
same equivalence class). As noted above, Theorem 5 is somewhat stronger than the
more obvious product obtained when g=2, and the deeper algebraic structure of these
sequences obtained in Section 5 promises to bring more powerful theoretical tools to
bear in this 7eld.
Because of the context in which complex Golay sequences arose for us, our ex-
plorations have taken quite a diMerent direction than the earlier work. A number of
previously unknown Hadamard matrices arose out of this work, but these are already
incorporated into the tables in [4] and some subsequent work published in the interim,
such as [5].
We have completed this paper at this time to 7ll a gap in our previous work and
lay a foundation for the next stage, which will involve searches taking advantage of
these more powerful algebraic results and will extend to more general cases, such as
those of multiphase sequences, of interest to us because of further constructions for
various Hadamard, weighing, Butson-type matrices and orthogonal designs. It has also
seemed an opportune time to acknowledge the prior work and observe the potential
for a cross-disciplinary exchange of ideas on this subject.
9. A result of Davis and Jedwab
At the suggestion of a referee, we now compare our results to a more recent work
[6], in which complex Golay sequences are called Golay sequences over Z4. Therein,
Davis and Jedwab give a remarkable construction for multiphase complementary pairs
of length 2n, all of whose entries are 2h-roots of unity. The cases h=1; 2 give ordinary
and complex Golay sequences. With a single construction they obtain 8, 64, 768 and
12 288 complex Golay sequences of lengths 2, 4, 8 and 16. They also show how it
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is possible, in some cases, to increase the number of sequences constructed, giving an
example where this number is doubled.
Even this impressive result, however, does not catch all complex Golay pairs, as
evidenced by direct comparison of numbers with the results of Section 4, in which we
7nd 64, 512, 6656 and 106 496 pairs in lengths 2, 4, 8 and 16, respectively. Davis
and Jedwab deliberately avoid any consideration of equivalence classes, so we cannot
directly infer how many classes they have obtained. However, it is clear from the
results in length 2 alone that their numbers can be increased by varying the constructed
sequences according to our equivalence relations. It appears unlikely, however, that this
consideration alone would permit the construction of all pairs in order 8 or 16, for this
would require, in these cases, an increase in the number of pairs obtained by a factor
greater than 8, whereas it appears that the best that can by expected by completing the
classes they construct is a factor of 8.
The scope of Davis and Jedwab’s result is impressive, considering how close they
come to the actual numbers obtained by an exhaustive search; unfortunately their con-
struction as given only applies to lengths which are a power of 2, and there are obvious
reasons for this. Still, one cannot but wonder if some modi7cation of the method could
be used to manufacture pairs of other lengths.
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